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Abstract.
We show that parallel transport of a vector field around an equatorial orbit in Kerr spacetime
produces a shift in the timelike component due to the rotation of the source. This shift is the
holonomic manifestation of the gravitomagnetic clock effect.
PACS number: 0420C
1. Introduction
Recently Rothman et al. [1] investigated holonomy in Schwarzschild spacetime and found some
interesting eects, including an apparent band structure of holonomy invariance. In the light of this,
a natural question is how the holonomy is modied by rotation. Furthermore, rotation introduces
a gravitomagnetic clock eect [2,3], whereby co- and counter-rotating orbital periods dier, and
one expects that the modied holonomy should reflect the existence of this clock eect. We have
therefore considered the holonomy around a closed path in the equatorial plane in Kerr spacetime.
Unlike the Schwarzschild case, there is a shift in the timelike component of the transported vector,
which is the holonomic signature of the gravitomagnetic clock eect.
2. Kerr holonomy




−(1− 2Mr/) 0 0 −2aMr sin2 θ/
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 = r2 + a2 cos2 θ ,  = r2 − 2Mr + a2 , (2)
xµ = (x0, xi) = (t, r, θ, ϕ), with 0 < θ < pi and 0  ϕ < 2pi. The inverse metric in the equatorial







−(r3 + a2r + 2a2M)/(r) 0 0 −2aM/(r)
0 /r2 0 0
0 0 1/r2 0
−2aM/(r) 0 0 (r − 2M)/(r)
1
CCA . (3)
2Units are chosen so that G = c = 1; the mass is M and a = J/M is the specic angular
momentum of the Kerr source.
Now consider parallel transport around a circular orbit (r and t constant) in the equatorial
plane to dene a vector eld uµ(ϕ). The eld satises
duµ
dϕ
+ Γµ3νuν = 0 , (4)
on the orbit. Since Γ23ν = 0 in the equatorial plane, we have
du2
dϕ
= 0 , (5)

























a2M + 2Mr2 − r3 u1 . (8)
The rst important conclusion following from these equations is that in the Schwarzschild
spacetime, du0/dϕ = 0. Thus, there is no holonomy effect on the timelike component in the
absence of rotation. This is consistent with the absence of a gravitomagnetic clock eect in the
Schwarzschild spacetime.









= 0 , (9)
where
F (r) = r4 − 2Mr3 − 2a2Mr − a2M2 . (10)
The equation F (r) = 0 has only one positive root, r, by Descartes’ rule of signs. The root appears
to have no obvious signicance. To investigate it we write the equation in the forms
F (r) = r2− a2(r + M)2 = 0 , r3(r − 2M) = a2M(2r + M) . (11)
It follows that F (r) does not vanish on the horizons r = r (with r+ > r−) at  = 0 for a2 < M2,
and that r > 2M in general. Specically
M2 > a2 > 0 ) r+ < 2M < r < 52M , (12)
M2 = a2 ) r+ < r = (1 +
p
2)M , (13)
M2 < a2 ) r > 2M . (14)
Thus r lies beyond the ergosphere, and beyond the horizon in each case except the last, where
there is no horizon. In the limit of vanishing a/M , however, r approaches the Schwarzschild
horizon, since, for a2/M2  1,
r = 2M







It is useful to divide the solution of Eq. (9) into three parts.
3(a) For r > r, i.e., F (r) > 0, the general solution is














(r3 − a2M)Γ(r) , (18)












The shift δuµ after n closed loops of parallel transport is
δu0 = A sin [2pinf(r)]− 2B sin2 [pinf(r)] , (20)
δu1 = − f(r)(r)
Γ(r)












Just as in the Schwarzschild geometry [1], there exists a band structure of holonomy invariance
in the Kerr geometry for r > r. The condition for holonomy invariance in this case is




where m is a positive integer. For r > r, Eq. (23) implies that m2 < n2, just as in the Schwarzschild
case. It follows from Descartes’ rule of signs that Eq. (23) has only one positive root r for m2 < n2.
Furthermore, since F is positive and monotonically increasing for r > r, this root is such that
r > r. For xed m, there is a minimum n that results in holonomy invariance; in particular, no
such invariance exists for nite r if m = n. For instance, the holonomy around a constant-time circle
of radius r = 3M vanishes for n = 9 and m = 5 if the Kerr black hole has a2/M2 = 27 . Another
example of holonomy invariance for this circle is provided by n = 9, m = 4 and a2/M2 = 117 .
We note that as a2/M2 ! 0, the band structure of holonomy invariance reduces to that of
Schwarzschild geometry studied in [1]; in fact, for a2/M2  1 and xed integers n and m, the




















where  is given in Eq. (15).
(b) For r = r, i.e., F (r) = 0, the solution of Eq. (9) is simply



















where ~A, ~B and ~C are constants. The shift in uµ after n closed loops is













4(c) For r < r, i.e., F (r) < 0, the solution of Eq. (9) is






and the other components can be obtained in a similar way from equations (16)-(18) by letting
f ! ih. The shift in u0 after n closed loops is
δu0 = iA sinh [2pinh(r)] + 2B sinh2 [pinh(r)] , (33)
and the other components of the shift can be determined using equations (21) and (22).
3. Conclusion
It follows from the cases (a){(c) considered above that the shift in the timelike component (i.e.,
temporal holonomy) is nonzero in general; for instance, if uµ is given initially at ϕ = 0 by
(0, 1, 0, 0, ), then after n loops (ϕ = 2pin) u0 is directly proportional to the angular momentum
of the Kerr source. Moreover, the band structure of holonomy invariance does not exist for r  r.
These results refer to the holonomy around a constant-time circle in the equatorial plane of the
Kerr spacetime for an arbitrary vector eld. On the other hand, the corresponding gravitomagnetic
clock eect [2,3] refers to the motion of clocks on timelike circular geodesic orbits. Let t+(t−) be
the period of a clock on a corotating (counter-rotating) circular equatorial orbit as measured by
asymptotically static inertial observers at innity; then,
t+ − t− = 4pia . (34)
Moreover, the proper periods τ accumulated by the clocks in their complete revolutions around
the Kerr source are such that [2,3]






























Hence τ+ − τ−  4pia for r  2M . It follows from these results that there exists a special
temporal structure, characterized by the specic angular momentum a, around a rotating mass.
This temporal structure is responsible for the fact that the temporal holonomy involving the
timelike component of the vector eld in Kerr spacetime does not vanish in general. Indeed, for
a = 0 there is no holonomy for the timelike component of an arbitrary vector eld in Schwarzschild
spacetime [1].
The band structure of holonomy invariance recently elucidated by Rothman et al. [1] in
Schwarzschild geometry survives in appropriately modied form if the source rotates. In contrast
to the Schwarzschild case, however, the rotation of the source leads to a certain gravitomagnetic
temporal structure that is responsible for the holonomy of the temporal component of an arbitrary
vector eld.
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